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Abstract
In this work, we address the occurrence of infinite pinning in a random medium.
We suppose that an initially flat interface starts to move through the medium due to
some constant driving force. The medium is assumed to contain random obstacles.
We model their positions by a Poisson point process and their strengths are not
bounded. We determine a necessary condition on its distribution so that regardless
of the driving force the interface gets pinned.
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1 Introduction
In this work we consider two models for an interface propagation that were already
presented in [6]. There it is shown that pinning occurs even in a quenched heterogeneous
medium that has – when spatially averaged – no influence on the propagation of an
interface. For more information on the setting and the models, including examples from
the physics literature, we refer to [6].
In the present work, we consider the question whether infinite pinning can occur, i.e., the
interface becomes stuck for any arbitrarily large driving force, and for which distributions
of obstacles this takes place. In the 1+1-dimensional setting we show that this can happen
even if the expectation of the obstacle strength is finite.
Generally, we prove pinning by establishing the existence of a non-negative, stationary
supersolution to the evolution equation for the interface.
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A canonical version of our model for the propagation of an interface in a heterogeneous
medium is given by a semilinear parabolic equation of the form
∂tu(t, x) = ∆u(t, x)− f(x, u(t, x)) + F
In our setting of random heterogeneous media, f is a given quenched, random field.
As initial condition we consider u(0, ·) = 0. The basic idea is to a.s. find a (viscosity)
supersolution (for the definition and properties see, e.g., [3]) to the related stationary
problem, i.e., a function v that satisfies
∆v(x)− f(x, v(x)) + F ≤ 0 and v(x) ≥ 0 for all x ∈ R.
By employing an appropriate comparison principle, this immediately implies that the
interface a.s. stays below the graph of v for all times since this was the case at t = 0.
Our main goal in this work is thus to show the existence of such a non-negative stationary
supersolution in the setting of our two models.
The first model we study is a spatially purely discrete variant of the above. We there
consider the lattice Z2. Each lattice point acts with a force of random strength chosen
by a suitable probability distribution. The notions of the space and time derivative are
adapted to the discrete case. This model was studied in, e.g., [1], where for some very
specific distributions of f pinning and depinning results were shown. Here, we focus
on results regarding pinning, but consider a large class of distributions (in particular,
allowing the aforementioned case of f having zero mean).
2 Discrete model on Z2
In the discrete model on Z2, the shape of the interface is determined by a function Z→ Z.
Its propagation is therefore given as a time evolution of (random) functions ut : Z→ Z,
t ≥ 0, with the initial condition u0 ≡ 01. At any time t, the function u may jump from
its current value ut(i) only to ut(i)±1 depending on the current jump rate λ. For λ > 0,
u can only jump to ut(i) + 1 with rate λ, whereas for λ < 0, u can only jump to ut(i)− 1
and does so with rate −λ. The jump rate depends on the local shape of the interface
and the obstacle force at the current position. More precisely,
λ = Λ
(
∆1ut(i)− f(i, ut(i))
)
where ∆1u(i) = u(i+1)+u(i−1)−2u(i) is the discrete Laplacian, f(i, j) is the obstacle
strength at (i, j) ∈ Z2 and Λ is a strictly increasing and bounded function from Z to R
which satisfies Λ(0) = 0. We suppose f(i, j), i, j ∈ Z, to be independent and identically
distributed N0-valued random variables defined on a probability space (Ω,F,P). The
strength 0 simply means the absence of an obstacle. In this article we only consider the
1Note that, as usual in such discrete settings, the subscript does not indicate a partial derivative.
Here ut is the state of the interface at time t.
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case where f(i, j) ≥ 0 for all i, j ∈ Z, i.e., the forces are non-negative. For more details
and the definition of jump rate consult [6].
We will show the following simple criterion for infinite pinning.
Theorem 2.1. Let for all (i, j) ∈ Z2 be f(i, j) ∼ X for some N0-valued random variable
X. If X has unbounded second moment, i.e., the expectation E(X2) = ∞, then infinite
pinning occurs.
In [6], see Collorary 2.3, it was shown that if X0 ∼ X1 ∼ . . . ∼ f(i, j) are independent
random variable (possibly even with values in Z) for which
E
(
sup{X0,−1 +X1,−2 +X2, . . . }
)
> F
for some F ∈ Z, then almost surely there exists a function v : Z → N0 such that
∆1v(i) ≤ f(i, v(i))−F . As mentioned in the introduction, this stationary supersolution
acts as a barrier for the interface since the jump rate is in every point non-positive.
Hence, a sufficient condition for infinite pinning reads
E
(
sup{−j +Xj : j ∈ N0}
)
=∞.
Thus, Theorem 2.1 follows immediately from
Lemma 2.2. Let X be a random variable with values in N0. Then the following state-
ments are equivalent
• For any independent random variables X0, X1, . . . having the same distribution as
X, we have E
(
sup{−j +Xj : j ∈ N0}
)
=∞.
• E(X2) =∞.
Proof. Define
M := sup{−j +Xj : j ∈ N0}.
Then, for n ∈ N,
P
(
M ≥ n) ≤ P(X0 ≥ n) +P(X1 ≥ n+ 1) +P(X2 ≥ n+ 2) + ... =
∞∑
l=0
(l+ 1)P(X = n+ l)
and therefore
E(M) =
∞∑
n=1
P
(
M ≥ n) ≤
∞∑
l=0
(l + 1)
∞∑
n=1
P(X = n+ l) =
∞∑
k=0
(
P(X = k)
k∑
l=0
l
)
<∞
in case E(X2) <∞.
On the other hand, assume E(X2) =∞. If EX =∞, then EM ≥ EX0 =∞. Therefore,
let us explore the case EX <∞.
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Let αk := P(X ≥ k), k ∈ N. Then for each n ∈ N
P(M ≥ n) = 1−P(M < n) = 1−
∞∏
k=0
P(Xk−k < n) = 1−
∞∏
k=0
(1−αn+k) = 1−
∞∏
k=n
(1−αk).
Since EX < ∞, there exists some k0 ∈ N for which
∑∞
k=k0
αk ≤ 12 . For every y ∈ [0, 12 ]
it holds −y ≥ log(1− y) ≥ −2y. Therefore, for n ≥ k0,
P(M ≥ n) = 1−
∞∏
k=n
(1− αk)
≥ 1
2
(
1−
∞∏
k=n
(1− αk)2
)
=
1
2
(
1− exp{2 ∞∑
k=n
log
(
1− αk
)})
≥ 1
2
(
1− exp{− 2 ∞∑
k=n
αk
})
≥ 1
2
(
1− exp{ log (1− ∞∑
k=n
αk
)})
=
1
2
∞∑
k=n
αk,
where the first inequality follows since 1− u ≥ 12(1− u2) for u ∈ [0, 1]. Therefore,
EM =
∞∑
n=1
P(M ≥ n) ≥
∞∑
n=k0
P(M ≥ n) ≥ 1
2
∞∑
n=k0
∞∑
k=n
αk =
1
2
∞∑
k=k0
(k − k0 + 1)αk =∞
since
∞ = E(X2) =
∞∑
k=1
(2k − 1)P(X ≥ k) = 2
∞∑
k=1
kαk − EX.
3 Continuous model
For the continuous model, we take the setting described in [5] that we now shortly present.
We are investigating the behavior of solutions u : Rn × [0,∞)×Ω→ R of the semilinear
parabolic partial differential equation
∆u(x, t, ω)− f(x, u(x, t, ω), ω) + F = ∂tu(x, t, ω), (1)
u(x, 0, ω) = 0.
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For the sake of simplicity, we suppose that all the obstacles are of the same shape and
have the following properties:
• Shape of obstacles is given by the function ϕ ∈ C∞c (Rn × R) that satisfies
ϕ(x, y) ≥ 1 for max{|x|, |y|} ≤ r0 and ϕ(x, y) = 0 for |(x, y)| ≥ r1
for some r0, r1 > 0 with r1 >
√
nr0.
• Obstacle positions {(xi, yi)}i∈N are distributed according to an (n+1)-dimensional
Poisson point process on Rn × [r1,∞) with intensity λ > 0.
• Obstacle strengths {fi}i∈N are independent and identically distributed strictly pos-
itive random variables (fi ∼ f1 for all i ∈ N) that are independent of {(xi, yi)}i∈N.
Thus, the force of the obstacle field is the random function
f(x, y, ω) =
∑
i
fi(ω)ϕ(x− xi(ω), y − yi(ω)).
Remark 3.1. We note that this specific form is only an example which we focus on for
concreteness’ sake and to simplify the exposition. Variants of these obstacle distributions,
e.g., obstacles centered on lattice sites with random strength, lead to the same results.
Again, our goal is to construct a non-negative, stationary supersolution for all F > 0.
The construction heavily relies on the ideas in [5].
The first step of the construction is to find a stationary supersolution for a related
Neumann problem on a ball with an obstacle in its center.
From the requirement of being a supersolution, it is clear that the Laplacian of our
constructed function may be positive (if f is sufficiently large there) inside an obstacle
and it must be negative (below −F ) outside, in order to compensate for the driving force
F .
We thus explicitly construct a function that is radially increasing, has an appropriate
Laplacian and becomes flat at the boundary of the ball, see Figure 1.
More precisely, we choose some 0 < rin < rout and Fin, Fout > 0. The parameter rin
determines the cylinder {(x, y) ∈ Rn × R : |x| ≤ rin, |y| ≤ rin} where we suppose the
obstacle to have the full strength. We are looking for a radially-symmetric function vlocal
that satisfies
∆vlocal(x) ≤
{
Fin, |x| < rin,
−Fout, rin < |x| < rout.
(2)
It may be non-differentiable on ∂Bin, however, to be a viscosity supersolution, it must
fulfil
lim
x∈Bin
x→x0
∂rvlocal(x) ≥ lim
x6∈Bin
x→x0
∂rvlocal(x) for every x0 ∈ ∂Bin.
5
Figure 1: Construction of the local supersolution. We construct a radial function with
a given positive Laplacian in the inner ball and a negative constant Laplacian on the
outer ring. It should get flat a the boundary and may be non-differentiable as long as
the derivative jumps downwards.
We impose
|vlocal(x)| ≤ rin for |x| < rin
since the solution must lie within the cylinder modelling an obstacle. Moreover, let
∂rvlocal(x) = 0 for |x| = rout
and vlocal(x) = ∞ if |x| > rout. Denote the (blue) part in the inner ball by vin. Let
m ∈ N be arbitrary. (It will serve to ensure that the supersolution stays in the obstacle.)
In contrast to [5], we do not (necessarily) take constant Laplacian but allow for a specific
function instead. We choose a radially-symmetric function vin(x) = φ(|x|) with Laplacian
∆vin(x) = Fin · ( |x|rin )m, i.e.,
φ′′(r) +
n− 1
r
φ′(r) = Fin ·
(
r
rin
)m
with φ(rin) = 0.
Then
φ(r) =
Fin
(m+ n)(m+ 2)rmin
(rm+2 − rm+2in ).
To stay in the cylinder, it must hold that
φ(0) =
−Finr2in
(m+ n)(m+ 2)
≥ −rin.
The derivative at the boundary is
φ′(rin) =
Finrin
m+ n
.
In the remaining part of the ball, we take the same function vout as in [5]. Again it is
radially symmetric, and therefore we write vout(x) = ψ(|x|). It should meet vin at rin,
i.e. ψ(rin) = 0, and has a zero normal derivative on ∂Brout , therefore, ψ′(rout) = 0. Its
Laplacian is simply −Fout. Hence,
ψ′′(r) +
n− 1
r
ψ′(r) = −Fout.
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For our construction, the function values of ψ are irrelevant – it is enough to consider its
derivative. We obtain
ψ′(r) =
Fout
n
(rnout − rn)
rn−1
.
Hence,
ψ′(rin) =
Fout
nrn−1in
(rnout − rnin) =
Foutrin
n
(
rnout
rnin
− 1
)
.
If we define vlocal in such a way, it will be a viscosity supersolution if
φ′(rin) ≥ ψ′(rin) or Fin
m+ n
≥ Fout
n
(
rnout
rnin
− 1
)
. (3)
If we take the minimum of appropriately translated local supersolutions, as depicted in
Figure 2, we obtain a supersolution for a problem with obstacles all having the height-
coordinate y equal 0. We call this function the flat supersolution.
Figure 2: Flat supersolution. If we have several translated local supersolutions such that
their domains cover Rn, their minimum is a viscosity supersolution of the corresponding
equation.
Since we are in the random case, we must first localize sufficiently many obstacles, i.e.,
find a.s. an array of them. Its existence will follow from the result from the percolation
theory below.
Theorem 3.2 ([4, Theorem 1]). Suppose that to each z ∈ Zn+1 a state is assigned that
can be open or closed. For every point the probability that it is open is p ∈ (0, 1) with
different points receiving independent states. If p > 1 − 1
(2n+2)2
, then there exists a.s. a
(random) function L : Zn → N with the following properties:
• For each a ∈ Zn, the site (a, L(a)) ∈ Zn+1 is open.
• For any a, b ∈ Zn with ‖a− b‖1 = 1, we have |L(a)− L(b)| ≤ 1.
Now, for each a = (a1, . . . , an) ∈ Zn and j ∈ N, define
Qa :=
n∏
i=1
[
ai(l + d)− l2 , ai(l + d) + l2
]
, Qa,j := Qa × [(j − 1)h+ r1, jh+ r1]
for some (still arbitrary) l > 2r1 and h, d > 0. We say that a point (a, j) is open if there
exists a sufficiently strong obstacle such that its center (x, y) ∈ Rn × [r1,∞) lies in Qa,j
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Figure 3: Decomposition. We decompose the upper half-space into cuboids Qa,j of
volume lnh with stripes of the width d between them. The centers of obstacles should
lie in the smaller cuboids of volume (l − 2r1)nh, denoted by the dotted lines.
and fulfils |xi − ai(l + d)| ≤ l2 − r1 for every i ∈ {1, . . . , n}. (It lies within the part of
Qa,j bounded by the dotted line in Figure 3.)
The probability of the event that the center of an obstacle with strength at least M lies
in an cuboid of volume (l − 2r1)nh is 1 − exp[−λ(l − 2r1)nhP(f1 ≥ M)]. According to
Theorem 3.2 a box is thus open if
1− exp[−λ(l − 2r1)nhP(f1 ≥M)] > 1− 1(2n+2)2 ,
or equivalently if
l > 2r1 +
(
2 log(2n+ 2)
λhP(f1 ≥M)
)1/n
. (4)
The plan to construct a supersolution is to locate sufficiently many obstacles and use the
flat supersolution adapted to the height of each such obstacle. This is done by adding a
lifting function, see also Figure 4.
Proposition 3.3 ([5, Proposition 2.13]). Let h, l, d > 0. Suppose y : Zn → R has the
following property:
∀a, b ∈ Zn : ‖a− b‖1 = 1 ⇒ |y(a)− y(b)| < 2h.
Then there exists C1 = C1(n) > 0 and a smooth function vlift : Rn → R such that
• vlift|Qa = y(a) for every a ∈ Zn,
• ‖D2vlift‖∞ ≤ C1 hd2 ,
• ‖∇vlift‖∞ ≤ C1 hd .
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Figure 4: Lifting function. This is a smooth function that has the prescribed value in
the boxes and for which we have bounds for the first and second derivative outside the
boxes.
Now we are in the position to state and prove the main result for the continuous case.
Theorem 3.4. If
lim sup
x→∞
x
1
2
+ 1
nP(f1 ≥ x) =∞,
then infinite pinning occurs.
Remark 3.5. In dimension 1, this condition can be fulfilled by distributions with finite
expectation, e.g., by a Pareto distribution P (I)(1, α) for some 1 < α < 32 .
Proof. Let K > 0 be arbitrary. According to our assumption, there exists M ≥ 2K such
that
M
1
2
+ 1
nP(f1 ≥M) ≥ K.
By choosing
l := 2r1 + C0
n
√
M
1
2
+ 1
n
hK
with C0 :=
n
√
3 log(2n+ 2)
λ
(5)
(with h > 0 still arbitrary), the condition (4) is fulfilled. Hence, by Theorem 3.2 there
exist an array of percolating open boxes (Qa,ja)a∈Zn . Let us denote the centers of corre-
sponding obstacles by (xa, ya).
Now we choose a local supersolution. We take m ≥ max{n, 2} such that
Mr0
2
≥ (m+ n)(m+ 2) ≥ Mr0
4
(if necessary we take a larger M at the start so that such m exists), and set the radii
rin := r0, rout :=
√
n
(
l +
d
2
− r1
)
=
√
n
C0 n
√
M
1
2
+ 1
n
hK
+
d
2
+ r1

and the forces
Fin :=
(m+ n)(m+ 2)
r0
, Fout := 2C1
h
d2
(6)
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with C1 as Proposition 3.3 and h, d > 0 still free. We denote the corresponding solution
by vlocal. In order to be a local supersolution, it must fulfil inequality (3), which reads
for our choice of Fin and Fout
m+ 2 ≥ 2C1 r0
n
h
d2
(
−1 + r
n
out
rn0
)
. (7)
Since for m ≥ max{n, 2} it holds M ≤ 16r0m2, and assuming d ≥ 2r1, we may estimate
2C1
rnout
nrn−10
≤ 2C1n
n/22n−1
nrn−10
(
Cn0
M
1
2
+ 1
n
hK
+
(
d
2
+ r1
)n)
≤ C2
(
m1+
2
n
hK
+ dn
)
with C2 = C2(n, λ, r0). Inequality (7) will surely hold if the following is fulfilled:
m ≥ C2 h
d2
(
m1+
2
n
hK
+ dn
)
= C2
(
m1+
2
n
d2K
+ hdn−2
)
.
Let us simply fulfil this condition by setting both summands at m2 . Hence, we define
d :=
√
2C2
K
m
1
n
(where, if necessary, we take appropriate larger M and m so that d ≥ 2r1) and
h := K
n
2
−1(2C2)−
n
2m
2
n .
Now all the scales are set, and vlocal is a local (viscosity) supersolution.
We chose rout sufficiently large so that the domain of the flat supersolution
vflat(x) := min
a∈Zn
vlocal(x− xa)
is Rn. We take vlift as in Proposition 3.3 with y(a) := ya for each a ∈ Zn.
Since vlocal suffices (2) and ‖∆vlift‖∞ ≤ C1 hd2 , the function v := vflat + vlift satisfies
0 ≥ ∆v(x, ω)− f(x, v(x, ω), ω) + F
for any 0 < F ≤ min{Fout − C1 hd2 ,M − Fin}. By (6)
M − Fin ≥ M
2
≥ K and Fout − C1 h
d2
= C1
h
d2
=
C1
(2C2)
n
2
+1
K
n
2 .
To conclude, for a given F we choose K ≥ F such that also
F ≤ C1
(2C2)
n
2
+1
K
n
2
and make the construction above. Hence, for any F pinning takes place.
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Remark 3.6. A sufficient condition for Theorem 3.4 to hold is that E(f b1) =∞ for some
0 < b < 12 +
1
n . This is a consequence of the following lemma.
Lemma 3.7. Let a > b > 0 and suppose X ≥ 0 is a real-valued random variable with
E(Xb) =∞. Then lim supx→∞ P(X ≥ x)xa =∞.
Proof. We may rewrite the assumption as
∞ = E(Xb) =
∫ ∞
0
P(Xb ≥ x) dx =
∫ ∞
0
P(X ≥ x1/b) dx.
If the claim were wrong, there would exist a C < ∞ such that P(X ≥ x)xa ≤ C for all
x ≥ 0 which would lead to contradiction as
E(Xb) ≤ 1 +
∫ ∞
1
P(X ≥ x1/b) dx ≤ 1 + C
∫ ∞
1
x−a/b dx <∞.
The two conditions are actually very close.
Lemma 3.8. Let X ≥ 0 be a real-valued random variable. If for some b > 0 it holds that
lim supx→∞ xbP(X ≥ x) =∞, then E(Xb) =∞.
Proof. For every M > 0 there exists a y > 0 such that P(X ≥ y) ≥My−b. Therefore,
E(Xb) =
∫ ∞
0
P(Xb ≥ x) dx =
∫ ∞
0
P(X ≥ x1/b) dx ≥
≥
∫ yb
0
P(X ≥ x1/b) dx ≥ ybP(X ≥ y) ≥ ybMy−b = M.
Since M was arbitrary, the claim follows.
4 Conclusion
We have shown that in our discrete setting in one space dimension, infinite pinning
arises if the random, independent obstacles’ strengths have infinite second moment. This
should be compared to the continuous case, where infinite pinning in one space dimension
occurs if for some p < 32 , the p-th moment of the obstacles’ strengths is infinite. This
difference mainly seems to arise due to the fact that not the full obstacle strength can
be used in continuum models, as otherwise the pinned interface would not wholly lie
inside an obstacle. The question of infinite pinning in discrete models in more than
one space dimension remains open. The main question is, however, whether the second
moment condition is indeed also necessary for infinite pinning, as the absence of infinite
pinning has, to this date, only been shown for models with bounded exponential moment
[2, 7, 8, 1].
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